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NELINEARNI VYPOCET BETONOVYCH OSTENI TUNELU
NON-LINEAR ANALYSIS OF CONCRETE TUNNEL LINERS

ALES ZAPLETAL, JIRI HOREJSI

1. OvoD

V posledni dobé se v Ceskych tuneldfskych kruzich setkdvdme se
snahou navrhovat definitivni osténi tunelll z prostého betonu. Ze to
mozné je, dokazuji tunely z prostého betonu vybudované ¢i budované
nejenom v okolnim svété, ale i u nds. V Praze je takto postaven Leten-
sky tunel (do provozu uveden v roce 1953) a oba tratové tunely na linii
A metra pod Vltavou, mezi stanicemi Staroméstskd a Malostranskd
(zhotoveny technologii lisovaného betonu a do provozu uvedeny
v roce 1978).

Sama myslenka tunelu z prostého betonu u nds tedy neni novd. Nové
je pouze to, Ze se objevuje ve spojeni s Novou rakouskou tunelovaci
metodou.

Z hlediska statiky novum tohoto typu neni vyznamné. Podstatné z hle-
diska statiky je, Ze pokud md byti osténi z prostého betonu navrZeno
nejenom bezpe¢né, ale i hospoddrné, nevystaéime vétSinou s koncepef
linedrniho osténi. Musime pristoupit k vypoctu nelinedrnimu, neboli
k vypoctu, ktery respektuje fakt, Ze se v osténi (po prekroeni meze trh-
lin) vytvareji trhliny a nékteré prufezy se plastifikuji. Trhliny (za pred-
pokladu, Ze trhlina neni schopna pienést zbytkovy tah) zpusobi, Ze
vyslednice normdlovych sil osténi zaujmou polohu uvnitf betonového
prufezu. To umoZiuje odvodit Gnosnost ostén{ z vypoftovych pevnosti
betonu v tlaku a dosdhnout tak ekonomického navrhu konstrukce. (Poz-
ndmka: Pokud leZi normalova sila mimo prufez osténi — coz muze byt
vysledek linedrniho vypoctu — je moment, ktery sila vyvoldvd, k zachy-
ceni pouze za pomoci tahovych napéti betonu, nebot’ armatura chybi.
Tahovd pevnost je vSak fadové mensi neZli pevnost tlakovd. A to se
nutné musi projevit na dimenzich navrhované konstrukce.)

V tomto ¢ldnku publikujeme fyzikdln{ vztahy, na kterych je mozno
nelinedrni vypocet tunelového osténi zaloZit, kdyzZ toto osténi je mode-
lovéano jako prutova soustava.

Nelinedrn{ vypocet je zajisté mozno uskutecnit i na osténi Zelezobe-
tonovém. Fyzikdlni vztahy jsou zde komplikovanéjsi a vztahy na pro-
stém betonu jsou pak jejich zvlastnim piipadem. Proto se nésledujici
text zabyva prioritné Zelezobetonem, a teprve poté jsou doloZeny vzta-
hy odvozené pro prosty beton.

Linedrni vypocéty nevyzaduji kontrolu ve smyslu zajisténi nélezité
duktility osténi (osténi nemaji prili§ vysoké stupné vyztuZeni). U neli-
nedrnich vypoltu je v8ak zapotiebi schopnost prufezu prenést defor-
mace proverit. To je v naSem pripadé splnéno, nebot odvozené vzorce
obsahuji jako jeden z argumenta pomérné deformace krajnich vldken
tlaceného betonu, resp. tazené armatury.
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Obr. 1 Vyvoj namdhdni tlacené oblasti betonového prurezu
Fig. 1 Stress development in the compression zone of concrete section
1a Beton namdhdn pruzné | 1a Concrete in the elastic state
1b Beton Cdstecné plastifikovan | 1b Concrete in the state of partial plastification
Ic Beton ve stavu mezni unosnosti: x,, = &p | &p . Xu
Ic Concrete in the ultimate limit state: x,, = &/ &xp . Xu

1. INTRODUCTION

We have been lately able to notice efforts in Czech tunnel construc-
tion circles to design final liners of tunnels using unreinforced concre-
te. The tunnels lined in unreinforced concrete which have been
completed not only abroad but also in the Czech Republic are the proof
that it is possible. This type of design was used in Prague for the con-
struction of the Letnd tunnel (opened to traffic in 1953) and both run-
ning tunnels on Line A of the underground railway passing under the
Vltava River, between Staroméstskd (Old Town) and Malostranska
(Lesser Town) stations (which were built using a compressed concre-
te technique and opened to traffic in 1978).

The idea of using unreinforced concrete for tunnel structures is, the-
refore, not new in the Czech Republic. The novelty is only the fact that
it appears in the combination with the New Austrian Tunnelling
Method.

The novelty of this type is insignificant in terms of statics. What is
significant in terms of statics is the fact that if the designed unreinfor-
ced concrete lining is to be not only save but also economical, than the
concept of linear lining is mostly insufficient. We have to approach
a non-linear analysis, it means an analysis which respects the fact that
cracks occur in the lining (when the limit of cracking has been excee-
ded) and some sections become plasticized. As a result of the origina-
tion of cracks (on the assumption that the crack is not capable of car-
rying the residual tension), the resultant of normal forces in the lining
shifts inside the concrete section. Owing to this fact, the load-bearing
capacity of the lining can be deduced from the design values of com-
pressive strengths of concrete, thus an economical design of the struc-
ture can be arrived at. (Note: When the normal force lies outside the
lining structure cross section, which may be a result of the linear ana-
lysis, the moment induced by the force can be carried only by the ten-
sile stresses in concrete because of the fact that concrete reinforcement
is missing. However, the tensile strength is lower by order of magni-
tude than compressive strength. It has definitely to influence dimensi-
ons of the structure being designed).

The physical relationships we publish in this paper can be used as
a basis of the non-linear structural analysis of the tunnel lining where
the lining is modelled as a framework system.

A non-linear analysis can certainly be applied to a reinforced conc-
rete lining. The physical relationships are more complicated in this
case, and relationships regarding unreinforced concrete are a special
case of these relationships. For that reason, the following text deals
with reinforced concrete as a priority, and the relationships deduced
for unreinforced concrete are documented subsequently.

Linear analyses do not require checking in the meaning of ensuring
proper ductility of the lining (the liners do not have too high percenta-
ge of reinforcement). It is, however, necessary for non-linear analyses
to check the capability of the sections to carry strain. This requirement
is met in our case because the formulas derived contain the strain in
edge fibres of a compressed concrete section and strain in tension rein-
forcement bars as one of the arguments.

2. BASIC CONCEPTS

2.1. General description of the stress
and strain condition in the section
The non-linear modelling relationships we will derive below will be
usable if we are able to express the stress - strain state in the concrete
section at any MxN (M=moment, N=Normal Force) combination
falling within or on the M - N interaction diagram.
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2. ZAKLADNI POJMY This formulation is based on the assumption that the deformation of

- : : : o the section proceeds (irrespective of cracks and plastification of conc-
2.1. Obecny popis napjatosti a deformace prurezu rete or steel) linearly (i.e. in a planar manner) and that the plastifica-

Vztahy nelinedrniho modelovént, které zde odvodime, budou pouZi- tion of the section corresponds (see Fig. 3) to the stress-strain dia-
telné, dokdZeme-li vyjddfit stav napjatosti a deformace betonového pri- grams of concrete or steel in a way which is described in standards
fezu pi jakékoliv kombinaci MXN (M = moment, N = normdlové sila) | (CSN 731201, ¢1.2.1.4,¢1.2.2.2.3; CSN PENV 1992-1-1,¢1.4.2.1.3.3,
lezici uvnitf interakéniho diagramu, resp. na interakénim diagramu. 8142232).

Toto vyjddreni provedeme za predpokladu, Ze se prufez deformuje Consequently (see Fig. 1), trapezoidal stress distribution through the
neustdle (tedy bez ohledu na trhliny a plastifikaci betonu ¢i oceli) linear- depth of the compression zone will correspond to the plastification of
né (rovinné) a Ze plastifikace prufezu je podiizena (obr. 3) pracovnim the section, and the full plastification of the section (the reaching of the

diagramim betonu & oceli tak, jak je uvad&ji normy (CSN 731201, ultimate limit state) will also be described by the trapezoidal distribu-
¢l. 214, &. 2223; CSN P ENV 1992-1-1, &. 42.133, tion (not rectangular). It can be stated about the xy, x74, X2, depths in

&.42232). the ultimate limit state (all quantities inserted in all of the equations
Disledkem je (obr. 1), Ze plastifikaci prifezu bude odpovidat licho- below have a positive sign) that:

béZnikové rozdéleni napéti po vysce tlatené oblasti a Ze i plnd plasti- i £ R *j
fikace prufezu (dosaZeni mezniho stavu tinosnosti) bude v tladené &dsti 5 P ; "F s &)
betonu popséna lichobéZnikovym rozdélenim napéti (nikoliv obdélni-
kovym). Pro vy8ky xu, x4, X24 v meznim stavu unosnosti plati (ve . R

v ) I . . “ o 3 X =X "(l= i )
vSech nésledujicich rovnicich dosazujeme vSechny veli¢iny s kladnym E *p " -
znaménkem): . . .

) £,, *x, R, *x, In the equations, Rp is the compressive strength of concrete,
Xou = i = * 1) &pp = Rp/Ep and €kp is the limit strain in concrete.
Ckp EI; C/\p ’

Let us assume a rectangular unreinforced concrete section with

X, =x *(1- R, ) df:pth h and width b. Let us construct an interaction diagrarr} of the sec-

lu “ E,* &, - ) tion in an M, N coordinate system. Let us assume a line passing

through the origin, which is a M x N combination set with the same

V rovnicich je Rp pevnost betonu v tlaku, &p = Rp/Ep a €kp je mezni eccentricity e = M/N = const. (see Fig. 2). There are two significant

pomérné pietvoreni betonu. po?nts on this line after the limit state of crackipg is.exceeded: the PP

UvaZujme o obdéInikovém prifezu z prostého betonu vy3ky £ a sitky g_omtt with the Mpp, Npp coordinates, and KP point with My, Nk coor-
inates.

b. V soufadném systému M, N sestrojme jeho interakéni diagram.
Vedme paprsek prochdzejici po¢itkem, ktery je mnoZinou moZnych
kombinaci M x N pri téZe excentricité ¢ = M/N = konst. (obr. 2). Na
tomto paprsku existuji po prekroceni meze trhlin dva vyznamné body:
bod PP o souradnicich My, Npp, a bod KP o souradnicich My, Nip.

The PP point denotes the starting point of the section plastification.
The stress distribution in the compression zone is developed in the tri-
angular shape through the depth of section; the stress value in the
outermost fibres is Rp. The normal force reaches the value of

Bod PP je bodem pocdtku plastifikace prafezu. Napéti v tlafené N 3, T h A\
Casti betonu je po vysce prufezu rozd€leno podle trojihelnika a jeho o3 3 3
velikost v krajnich vldknech je 13?1,. Normalo};/a sila dosahuje velikosti Epp = Ry/Eb 4)
N, = 5 *R,*b* (5 -e) , 3) and the depth of the compression zone
s
zatimco deformace krajnich vldken je =it -e) - )
Epp = RvlEp 4 The normal force N < Nj acting on the same eccentricity also
v - . results in triangular stress distribution with the compression zone
a vySka tlacené oblasti = 3%( h —e) depth according to the equation (5), but with the stress value in the
’ 2 . ©) outermost fibres under compression
Normélova sila N < Npp, pusobici na téZe excentricité, vyvoldvd e 2 b
rovnéZ trojihelnikové rozdéleni napéti s vyskou tlatené oblasti podle 3 e h_ o ©)
rovnice (5), av§ak s napétim v krajnich tlacenych vldknech o velikosti o ) 2
) N and the strain in outermost fibres
o, =§¢b* h (6) &= O/E, @)
(5 -e) The force N € (Npp, Nip) causes plastification in the concrete com-

pression zone, which results in the trapezoidal stress distribution

a pomérnou deformaci krajnich vldken according to Fig. 1.

€= oy/E) @) It can be stated that . )
24N h L .
Sila N € (Npp, Nip) zpusobuje plastifikaci tla¢eného betonu, kterd =i e =) =12 gl ®)
vede na lichobéZnikové rozdéleni napéti podle obr. 1. ' -
Plat 24N, h N? A ©)
X, = *2_ey~12 v, ® " Rep 2
: (Rh*b 49 R,f*bz) _ N .
The sum x;+x, is always smaller than the x from the equation (5).
Y= N x For the strain in outermost fibres, we obtain:
155 . 9
R,*b 2 © r4+x, R _x+rx,
£, =1 : =— - . (10)
Soucet x;+x, je vZdy mensi neZ x z rovnice (5). X £ *3
Pro pomérnou deformaci krajnich vldken obdrZime: In the KP point, the section is fully plasticized at the normal force
x+x, R, x+x 3 Byt
g, =g, ¥ 2o bx1T02 10 > ST5) -2V R Vh=Et(h=2e)* R *
P E, x (10) N 2 a1 (h=2e)*R, *h=Z*(h=2e)*R *h | (11)
V bodé KP je prutez plné plastifikovéan pfi normélové sile where ; R 13 _ B’
£(2-g) fata d Bttt 12
Ny = Qo8 sy 9e)*R, *b=E*(h-20)*R, *b an £, E, %8 155 -32+3) (2)
ToARE-3E+3) ’

The quantities x;,, x, are calculated from the equations (8) and (9),
kdyz where we insert N = Np.




16. rocnik - €. 1/2007

R 3 (2-
E, *¢, 4%(E*-35+3)

VeliCiny x;,,, X2, vypocteme z rovnic (8), (9), kam dosadime za N = Npp.

Predchozi rovnice popisuji praskly obdélnikovy prufez z prostého
betonu ve stavu, kdy se tlaceny beton chovd pruzné, popr. kdyZ je ¢ds-
te¢né plastifikovan, popt. kdyZ je zcela plastifikovédn. Prafez je takto
popsan ve vSech aspektech, které bude vyZadovat formulace nelinedr-
nich vztaht pro ostén{ z prostého betonu.

Obdobné vztahy je nutno odvodit i pro Zelezobeton, pokud by byl
materidlem osténi. My se tim zabyvat nebudeme, protoZe to leZ{ mimo
zamer tohoto ¢lanku a ndvod jak postupovat jsme poskytli.

8]

(12)

2.2. Nahradni vySka tazené armatury x,

Budeme pouZivat pojem ,ndhradni vySka taZzené armatury x,°.
Vyska x4 je ddna vztahem x4 = A * f, / b, kde f, / b je vySka pdsu
oceli, ktery vznikne rovnomérnym ,,rozmazdnim* armatury s plo-
chou f; po $ifce prufezu (obdélnikového) na trovni téZisté armatury.
Soucinitel A prevadi ocel na beton a zohlednuje miru plastifikace
prurezu.

Vyraz pro x, ziskdme z rovnice (21), kterou nyni odvodime:

Predpoklddejme, Ze normélova sila N, pusobici na excentricité e,
vyvolavd v obdélnikovém Zelezobetonovém prufezu stav napéti
a deformace podle obr. 3. Plati:

N=Ob*b*xl+%0b*b*x2_a“*‘f“a (13)

h -
g, =€, (14)

X2
Rovnici (13) upravime tim, Ze nejprve vytkneme pred zdvorku

X
2
,kde oy
o . . ' o X, .
je fiktivni napéti v betonu na drovni armatury, definované predchozi
substituci:

0}, * b a poté v zdvorce zavedeme substituci 0, =0, *

x, o, . f X, O, h-x. /[

N=(’h*b*(x1+7-é*f)=%*b*(xﬁj-é*"xiz ;)=
_ (15)
=Uh*b*(x,+ﬁ—l*—h" x*—“).
2 X, b
Rovnici (15), kde A = 0,/ 0}, ddle upravime:
N*x, X : /.
=X X, +—=—A¥(h, —-x)* 22
o, %b a (h,—x) b (16)

Staticky moment plochy tlaceného betonu vysky x; a jednotkové
Sitky b=1 k neutrdlné ose je
2
. X
St = ?l XX 17)

v

zatimco staticky moment betonu vysky x; a jednotkové Sirky b=1
k ose vzdélené od tlaceného okraje o x; je

2
NACE (18)
. 2
takze el ol
R S’.(l+v2 S’,rl . (19)
Protoze dale 2
s, -2 @)

je staticky moment tlaceného betonu vysky x, a jednotkové Sitky
b = I k neutrédlné ose, muzeme rovnici (16) psét ve tvaru
N*x,

%

o,

+ 56 =585, L+ St

vl4x2 xlex2

kde (A, -x)*A* j; je staticky moment jednotkové §ifky ndhradni plo-
chy armatury A * f, o ndhradni vysce

L0t
=p%da S Zaxda
ERTE T b (22)

R UM AL R NCY)

k neutrdlné ose. SZiT52 je staticky moment celé plochy tladeného
betonu k neutrdlné ose a S; je staticky moment veskeré 1ic¢inné plochy
o jednotkové §itce b=1 k téze ose.

Koeficient A nabyva ruznych hodnot podle toho, v jakém stavu plas-
tifikace se nalézd prarez. Vzorce pro jeho vypocet spolu se vzorci pro
Xq nalezneme v tabulce 1, kde E, je modul pruznosti oceli a R, je pev-
nost oceli.
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4 N
Interakéni diagram
M - N diagram

=M/N = konst.
M /e ons PP: Pocatek plastifikace prifezu
PP: Beginning of section plastification
[ S— KP: Konec plastifikace prifezu,
kp mezni stav

KP: End of section plastification,
the ultimate limit state

ppkp

A /

Obr. 2 Postupnd plastifikace betonového priifezu
Fig. 2 Gradual plastification of the concrete section

The above equations describe a cracked rectangular unreinforced
concrete section in the condition of elastical behaviour of the concrete
compression zone, possibly of its partial or full plastification. Thus,
the concrete section is described in all aspects needed for formulation
of non-linear relationships for unreinforced concrete lining.

It is necessary to derive similar relationships for reinforced concre-
te if this material is used for the lining. We are not going to deal with
this case because it is beyond the scope of this paper and we have pro-
vided guidance as to how to proceed.

2.2. The transformed depth of tension reinforcement x;,

We will use the term "a transformed depth of tension reinforcement
xq"“. The depth x4 is given by the relationship xo = A * f; / b, where

fa ! b is the depth of a steel band which originates by spreading of the

steel reinforcement area f, uniformly throughout the width of the (rec-
tangular) cross section, at the centre of reinforcement level. The coef-
ficient A converts steel to concrete, taking into account the stage of the
section plastification.

We will obtain the expression for x, from the equation (21), which
is derived as follows:

Let us assume that the normal force N, acting on an eccentricity e
induces a state of stress and strain in the rectangular reinforced conc-
rete cross section according to Fig. 3.

It can be stated that:

N =0 [2] I'+i‘” L ! . (]3)
. . .'I.
£, =i . (14)

We will rearrange the equation (13); first we factor o, * b out and then

we use substitution ¥, = iF in the brackets, where o, is the

fictitious stress in the concrete at the reinforcement level as defined by

the above substitution:

X, i ! S X o =X f

Nowmr, "h¥*(x + - jmar, "H¥(X + - =
2 ir 4] . i { s
'y s o Ml = ! (15)
= {1 hElr + = 2 . 1
2 i f

The equation (15), where A = 0, /0, will be further rearranged:

v *x, g "
= L.+ ——4"(N -X)" ||"

iy £ 2 b

The static moment of the part of compression zone area of depth x;
and unit width b=1, to the zero line is

(16)

S =S (17)
while the static moment of the part of compression zone area of
depth x; and unit width b=1, to the axis at x; distance from the outer-

most fibres under compression is
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2.3. Zaménitelnost konstrukci
2.3.1. Zaménitelnost prutovych rovinnych konstrukei

Dvé rovinné prutové konstrukce s totoznou geometrii stfednice
a stejného uloZeni (ddle konstrukce) nazveme zaménitelnymi, vyvola-
va-li v nich stejné zatiZen{ stejnd pretvoreni w = {wy,wy} a stejné vniti-
ni sily M, N, O (= moment, normdlova sila, posouvajici sila).

2.3.2. Zaménitelnost linearnich konstrukei

Dvé linedrné pruzné konstrukce (jedna s indexaci m, druhd s inde-
xaci s ) jsou zaménitelné tehdy, plati-li ve stejnych mistech stfednic
konstrukef:

Emlp = Es (23a)
EpFp = EFy . (23b)

E je modul pruznosti, / moment setrvatnosti prafezu a F plocha prufezu.
Jsou-li dvé linedrné pruzné konstrukce zaménitelné, pak ve stejnych
mistech jejich stfednic plati (M = My, =Ms a N = Ny = N;):

e pro kfivosti p,, a pg
P = 1/ oy = MUEyd,y) = MIEL) = 1/ 15 = pg 24)

* pro stfedni pomérné pretvorent, definované jako &,; = (e dF )/ F

(esti)m = (»/égmdFm)/Fm = N/(EmFm) = N/(ESEY) = (AgsdEs) / Fs = (estf)s (25)

KOEFICIENT A
COEFFICIENT A
NAHRADNI VYSKA TAZENE ARMATURY x,
TRANSFORMED DEPTH OF TENSION REINFORCEMENT xa

BETON
CONCRETE
VE STAVU PRUZNEM VE STAVU PLASTICKEM
IN ELASTIC STATE IN PLASTIC STATE
Z@
ae
Z E E
g A= A=
O b b
3
= 2o
A o Eonh
z n = ? b T E, b
= =7 b b
2| ="
=)
20
0z s
o= = _Ra* X .
g 2= A=—2 ;
= L;)[E o, hy-x A=&* X,
= @7 . _ —
=l Zj: 0,E(0,R,); X% = x - x
7] a_E
=)
:E X:&* X *L Xa=&* X *L
a
Gz o, h-x b , h-x b
=
P

Tabulka 1/ Table 1

2.3.3. Zaménitelnost linearni a nelinearni konstrukce

Nelinearni konstrukci je naddle minéna betonovd konstrukce, na
které je v nékterych prurezech prekrocena mez trhlin a kterd se naléza
v libovolném stupni plastifikace, takZe jeji prufezy mohou byti ve
stavu pruzném, popr. ¢dste¢né plastifikovaném, popt. meznim.

Linedrni konstrukci (s indexaci m ) pokldddme za zaménitelnou
s nelinedrni konstrukei (s indexaci s ), kdyZ pro M = M,, = M
a N = N, = Ny ve stejnych bodech stfednic téchto konstrukefi plati:

Om=1/Tm=MIEul,) = 1/ry= Ps, Py #MIE) (26)
(gst?)m = N/(EmFm) = (Sst?)s ’ (estf)s * N/(ESFS) (27)

Nelinearni konstrukci dokdZeme zaménit konstrukei linedrni,
dokaZeme-li nahradit praskly, libovolné plastifikovany prurez
prurezem pruznym a neporuSenym, takovym, aby platily vztahy
(26) a (27).

3. VZTAHY ZAMENITELNOSTI PRUREZU
PRO ZELEZOBETON

Neporuseny linedrné pruzny obdélnikovy prufez b x hn budeme
nazyvat zaménitelnym s prasklym, libovolné zplastifikovanym, jedno-
stranné vyztuZenym Zelezobetonovym obdélnikovym prufezem b x hy,
bude-li pfi zatizeni prifezi stejnou kombinaci vnitinich sil
M =M, =M;aN =N, =N, platit:
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Sta=5 . (18)
therefore
KXy = §p' =811 . (19)
Because, further, 2
S =2 (20)

[

is the static moment of the part of compression zone area of depth
X, and unit width b=1, to the zero line, we can write an equation (16)
in the form
N il

A SR I o Ll e
a "k y . h ¥

Lo 21)

s — i —x)1* A
where (U, =x)* A" . is the static moment of the transformed
reinforcement area A * f, of the unit width and the transformed depth

Ko ..'. o ;l. (22)

to the zero line. 3,1,z is the static moment of the entire compres-
sion zone area to the zero line, and St is the static moment of the enti-
re effective area with the unit width b=1 to the same axis.

The coefficient A assumes various values, depending on the current
plastification state of the section. The formulas for calculation of A and
x, are available in Table 3, where Ej is the elastic modulus of steel
reinforcement, and R, is the steel reinforcement strength.

2.3. Interchangeability of the structures
2.3.1. Intercheangeability of plane beam structures

Two plane beam structures with the identical centre line geometry
and identical supporting system (hereinafter referred to as the structu-
re) is termed interchangeable if identical loading induces identical
strain w = {wx,wy} and identical internal forces M, N, Q (= a moment,
normal force, shear force) in the structures.

2.3.2. Interchangeability of linear structures

Two linearly elastic structures (one with indexation m, the other
with indexation s ) are interchangeable if the following equations are
true in the corresponding points of the central lines of the structures:

Emlnm = Esls | (23a)
EmFm = ESFS . (23b)

In the equations E is the elastic modulus, / is the moment of inertia
and F is the area of the section.

If two linearly elastic structures are interchangeable, it can be stated,
in two corresponding points of the centre lines, that (M = M, = M; and
N = N, m = Ns )I

e for curvatures p,, and pq
Pm =1/ 1y = MIE,1,,) = MI(Egls) = 1/ rg = py (24

e for a mean strain, which is defined as ¢,,; = ( ;e dF )/ F
(Eidm = (./.;gmdpm)/Fm =N/E,F,,) = NI(EGFy) = (./ngdFs) I Fy=(gg)s (25)

2.3.3. Interchangeability of a linear and non-linear structure

The term "non-linear structure® further means a concrete structu-
re where the limit of cracking has been exceeded in some sections
and which is in any stage of plastification, i.e. the sections can be
in the elastic state, or partly plasticized state, or in the ultimate
limit state.

We will consider a linear structure (with an indexation m ) inter-
changeable with a non-linear structure (with an indexation s ), if it
is true for M = M;, = My and N = N;; = Ny in corresponding points
of the centre lines of the structures that:

P = 1/ Ym = M/(Emlm) = 1/}"_; = Ps Ps # M/(ESI\) (26)
(Egi)m = NI(EnEFn) = (£4); (&) 2 NIEGFs) 27

We can substitute a non-linear structure for a linear structu-
re if we are able to substitute an elastic and undisturbed cross
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Pm = Ps »
(gstf)nl = (Sstf)é' .

Na neporuseném prufezu je
P = MUEyl) .
(gxtr“)m = N/(EmFm) .

Na prasklém prufezu obdrzime (obr. 4):

e pro kiivost: s = (& + &) ho ,
&, =& ¥ (hox)/ x,
& =& *x/(ho-x) ,
takZe

ps=&/x= ¢,/ (hox).

e pro stfedni pomérnou deformaci:
(Egi)s = (&%X/12 - €,% x4) | (x+Xa) =
= £,%(x?-2x,(ho-x)) /(2(ho-x)(x+X,)) =
= g% (xX*=2x,ho + 2x,X)/(2x(x+x,)).

(28a)
(28b)

(29)
(30)

€2y
(32
(33)

(34

(35)

Do rovnice (26) dosadime z rovnice (34) a upravime, pricemz

I, = b*(h,,)’/12. Obdrzime bud
12(h,~0)*M 1 12%x*M 1
Em*b £ Em*b gb

(h)’ =

a

nebo 12%(h,=0)*M 1 12%x*M 1

b*h} & b*h: &,

a m

E, =

(36)

(37

Do rovnice (27) dosadime z rovnice (35) a upravime, pricemz

F,, = b*h,,. Pracujeme-li s g, obdrzime bud

2
b~ N* 2x"+2xx, 1 1
nebo " x*=2x,h, +2x,x bE, &,
2
E —N* 2x7 +2xx, x| *L .

Xt =2x,h, +2x,x Flm €,

a'to

Pracujeme-li s ¢,, obdrzime bud

b o N 2hx 2R, 2 -2x,x 10
nebo " Xt =2x,h, +2x,x bE, €,
£ =N*2(h0x+huxu —xz—xax) o | *L ’

Xt =2x,h, +2x,x Wm €

a

(33)

(39

(40)

(41

Do rovnice (36) dosadime ze (39), upravime a oznacime jako
e = M/N excentricitu normdlové sily. Pro vy$ku neporuSeného linedr-
né€ pruzného prifezu zaménitelného s prufezem prasklym, libovolné

plastifikovanym nalezneme:

2
x°=2xh,+2x x St
h: =" Tae T TaT ko DK e ¥ , (42)
. X+ x, F
takZe
2
x“=2x h, +2x,x)*e St
h, = 6*( e &) =,/12%e*— | 43)
X+x, F
~
€ kp
Epp
€a
Pracovni diagram betonu Pracovni diagram vyztuze
Stress-strain diagram of concrete Stress-strain diagram of reinforcement
Oy Oa
Ry — Ra
o =Ep-gp i 03 =By ea
D=0 | Za ~Fa ta
! >
Epp Ep %o l €app €akp Ca
/

Obr. 3 Predpoklady o napéti a deformacich v prifezu
Fig. 3 Assumptions for stress and strain in the section

Tuel

section for a cracked, arbitrarily plasticized section, so that the

relationships (26) and (27) are applicable.

3. INTERCHANGEABILITY OF SECTIONS - RELATIONSHIPS

APPLICABLE TO REINFORCED CONCRETE

We will term an undisturbed linearly elastic rectangular section
b x h;, interchangeable with an arbitrarily plasticized, one side rein-
forced rectangular concrete cross section b x hy if it is possible to
state, under the condition of identical internal forces combination

(ie.M=M, =MsaN =N, =Ny), that:

Pm = Ps »
(Egi)m = (Egi)s -

In the case of an undisturbed section:

Pm = M/(Em[m) 5
(S.\'n'-)m = N/(EWFW) .

In the case of a cracked section, we obtain (see Fig.4):
e for a curvature:
Ps = (&, + &) ho
g, =&, *(ho-x)/x,
&, =¢&, % x/(ho-x) ,
therefore,
Ps =&/ x= ¢,/ (hox).

e for a mean strain:
(Egi)s = (&,%X/2 - €, Xxa) | (X+Xa) =
= £,*(x?-2x(ho-x)) /(2(ho-x)(x+X,)) =

= g% (X’=2x,ho + 2x,%)/(2x(x+x,)).

(28a)
(28b)

(29)
(30)

(3D
(32)
(33)

(34)

(35)

We will insert the expression from the equation (34) into the
equation (26) and rearrange it, with I,, = b*(h,,)’/12. We will obtain

Cithes 1206 -5)*M_ 1 12%%

or

En = B . bk

(36)

(37)

We will insert the expression from the equation (35) into the
equation (27) and rearrange it, with F,, = b*h,,. Operating with g,

we will get either

]1l11 = '.l' :
or : 3x* 4+ 2xx, | |
-2r h +25.x b, &

Operating with ¢,, we will get either

i n,t.:'ll""'-?-'li"-_---"'_-'-'._

M

or 2k x

(38)

(39)

(40)

(41)

We will insert the expression from the equation (39) into the
equation (36) and rearrange it, denoting the eccentricity of the nor-
mal force as e = M/N . For the depth of the undisturbed linearly
elastic section interchangeable with a cracked, arbitrarily plastici-

zed section, we will find:

, ¢ =2y ki 2 0,
- =h= o s ek X P 2% 3,

therefore, LI

=2 2k X% Nt

(2% "

3 F

(42)

(43)

In the equations (42) and (43), F= x+x, is the effective area of
a cracked section with unit width b=1 and St=x*/2-x,*(h,-x) is the
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V rovnicich (42), (43) je F= x+x, d¢innd plocha prasklého prufezu static moment of the effective area of the unit width =1, to the
o jednotkové §itce b=1 a St=x?/2-x,*(h,-x) je staticky moment G¢inné zero line.
plochy o jednotkové Sifce b=1 k neutrdlné ose. We will calculate hy, from the equation (43) and insert it in the

Z rovnice (43) vypocteme h;, a dosadime do (39), resp. (41). equation (39), possibly (41).

Rovnice (39), resp. (41) vSak jesté neumoznuji vypocet modulu However, the equations (39) and (41) do not allow yet the calcu-
pruznosti Ey, protoZe obsahuji zatim nezndmé pomérné pretvoreni lation of the elastic modulus Ej,; because they include the cracked
prasklého prifezu g, resp. ¢,. Vztahy, platné pro tyto veli¢iny, odvo- section strains g, and ¢, which have been still unknown. The relati-
dime v nésledujici kapitole. onships valid for these quantities will be derived in the next

chapter.
4. POMERNA DEFORMACE KRAJNICH VLAKEN BETONU &,

A TAZENE VYZTUZE &, 4. STRAIN IN OUTERMOST FIBRES OF CONCRETE &,

Podle obr. 3 mizeme po ziméné symbolu &, za symbol &, odvodit AND IN TENSION REINFORCEMENT &£,
nésledujici obecné formule: o x According to Fig.3, we can derive the generally valid formulas

€, = E—”X— , (44) after replacement of the symbol ¢, with symbol ¢, , as follows:
b A2 o ¥
-— 44)
_ Y« h,-x ' E A ’ (
e 45) e

které lze konkretizovat pro jednotlivé typy stavu napjatosti priifezu g, m ket — (45)
takto: - :

a) KdyZ o, < R, a x; = 0, takZe x> = x, je The formulas can be individually specified for the particular

_ 0, types of the stress state in the section, as follows:
& = Fb , (46) a) If 0, < Ry, and x; = 0, therefore x, = x, then
Oy & hU -X - i,
g, =K 47 ! ) 46
““E,  x “47) E, (46)
b) Kdyz 0, = Ryax;#0, je — R (47)
R, x : E X
g =—""— (48)
E, =x, b) If 0, = R, and x; # 0, then
R, h,-x R s
g, =—L*_2 . (49) £, =t
E, X2 E, x,° (48)
L R._h =x
Musi byt: &, < g,a & =< ¢y, Ly k. (49)
4 L3

Z rovnice (44), resp. (46) nebo (45), resp. (47) dosadime do rovnice ) ) )

(39) nebo (41). Poté kterdkoliv z nich umoZiiuje vypodet Ep. The following relationships have to be true: g, < Ep and ¢, < k-
5. VZTAHY ZAMENITELNOSTI PRUREZU PRO PROSTY BETON We will insert the expressions from the equation (44), possibly

(46) or (45), possibly (47) into the equation (39) or (41). Then, any

Vztahy zaménitelnosti pro prosty beton ziskdme, kdyZ do vztahu of these equations enables the calculation of En value.

zaménitelnosti pro Zelezobeton (39) a (43) dosadime za x,=0. Obdr-

Zime:
ho—AeFerx (50) 5. SECTION INTERCHANGEABILITY RELATIONSHIPS
" APPLICABLE TO UNREINFORCED CONCRETE
E, =2_N The interchangeability relationships applicable to unreinforced
&, *b*h, - D concrete will be determined by insertion of x4=0 into the interchan-
geability relationships (39) and (43), derived for the reinforced
6. ZAVER concrete. Then, we get:
Odvodili jsme vztahy zaménitelnosti mezi prufezem prasklym, libo- h,=46%e%x (50)
volné plastifikovanym a neporusenym prufezem pruznym. ]
Tyto vztahy umoznuji vytvoreni pruzného vypocetniho modelu B s N
osténi, jehoZ vnitini sily a deformace od daného zatiZeni odpovidaji " E,"bYh, (51)

vnitinim sildm a deformacim stejné zatiZeného, popraskaného a libo-
volné plastifikovaného osténi skute¢ného. Prut i, resp. j vypocetniho 6. CONCLUSION
modelu mad vysku Ay, resp. hmj a modul pruznosti Epi, resp. Emj,
piicemz obecné plati hmi # himj % h a Emi # Em j # Ej.

Modelové osténi vytvorime pomoci iteraéniho procesu. Pfi ném je

We have derived relationships of the interchangeability between
a cracked, arbitrarily plasticized section and an undisturbed elastic sec-

vyhleddn vypocetni model, jehoZ vnitini sily, aplikovany na skute¢né tion.

osténi, model reprodukuji. Podrobnéji feeno, iteracni proces je ukon- These relationships allow creation of an elastic calculation
Cen poté, co parametry skutecného osténi (tedy napr. x, xq, €a, €b), model of a lining where the internal forces and strain induced by
popraskaného a plastifikovaného od tucinku modelovych sil M, N, the given loading correspond to the internal forces and strain in
dosazeny do rovnic (43) a (39), resp. (50) a (51) poskytnou tentyz a real lining, which is identically loaded, cracked and arbitrarily
model (stejnd hmi a Emi), jako piedchozi iteracni cyklus. plasticized. The beams i and j of the calculation model have the

depths h,,; and h,,; and the elastic moduli Ep; and Epj, while it is

Povazujeme za vhodné doplnit predchozi text nékolika pozndmkami: generally true that fimi # hmj # h and Epi # En j # Ej.

6.1. K rovnici (43) The lining model will be created by means of the iteration pro-
Aby rovnice (43) vracela redlné hodnoty hj,, musi byt vyraz cess. During the process, such a calculation model is sought where
(X2 - 2xaho + 2xax) = 2%5t = 0, takZe S; = 0. Rovnici (21) je to zaru&eno. the internal forces reproduce the model when applied to the real

lining. In more detail, the iteration process is stopped when the
6.2. K rovnicim (43), (39), (41) parameters of the real lining (e.g. x, x4, €4, €p), cracked and plasti-

6.2.1. Jestlize e—0 (= prechod k centrickému tlaku), pak podle (43) cized by the effect of the model forces M, N, when inserted into the
hy, — 0 a podle (39) resp. (41) Ey — . equations (43) and (39), possibly (50) and (51), produce the same
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™\ model (h,; and E; are identical) as that obtained in the preceding
iteration cycle.

g
L 4 We believe that several notes added to the above text will be
helpful:
>
L — — — - Neutrélna osa / Neutral axis 6.1. As to the equation (43)
= | £ l\- . _ Strednice / Centre line The expression (x? - 2xghp + 2xgx) = 2*St = 0, and therefore S = 0,
\\ Deformovany prifez / Deformed section has t(? be fulfilleq, Ny th.at. we can get the real values h,.,, from the
‘\/ equation (43). This condition is guaranteed by the equation (21).
Ay
A — N .
+ 6.2. As to the equations (43), (39), (41)
_48_344 6.2.1. If e—0 (= transition to centric compression), then, accor-
ding to (43), h,, — 0 and, according to (39), possibly (41)
. » . I Em - @
Vyztuz s nahradni vyskou x, In fact, the entire section become compressed even before e = 0,

Reinforcement of transformed depth xa thus the cracking cannot occur, and the equations (43), (39) and

Y, (41) lose their physical meaning.

In the elastic state of stress, the entire rectangular unreinforced
concrete section is under compression when e = h/6. We can deri-
ve the following relationships for these conditions:

Obr. 4 Vztahy zaménitelnosti — vyznam pouzité symboliky
Fig. 4 Interchangeability relations — meaning of the used notation

Ve skuteCnosti jiz predtim, nezli e = 0, stdva se cely prufez tlace- By = h (52)
nym, trhliny nemohou vzniknout a rovnice (43), (39), (41) ztriceji svij E. = E ’ (53)
fyzikalni smysl. "o .

Ve stavu pruzného naméhdni je obdélnikovy prufez z prostého beto-
nu cely tlaen, kdyZ e = h/6. Pro tyto poméry muZeme odvodit nésle-
dujici vztahy:

The plastification of concrete moves the zero line from the edge
of the section toward its centre. In the ultimate limit state, the depth
b =h (52) of the compression zone is

m = Ep. (53)
Plastifikace betonu posouva neutrdlnou osu z hrany prufezu smérem

vvvvv

_l:-:E In'l—_:rl':?lr'.,' |‘,II I L (54)
For example, for the concrete class B30 (here and further we
= . ignore all coefficients, excepting the concrete action coefficient
X, =E*(h-20)*2E,¢, [2E,¢8, - R,). G |y = 0.8), we obtain (Ep = 32 500 MPa)
Napr. pro beton B30 (zde i ddle ignorujeme veskeré soucinitele hn = 0,876h, (35)
s vyjimkou soucinitele pusobeni betonu y,, = 0,8) dostdvame E_={XNh=2eR *b*Z)fie, “b* i 1=136T6MPa=0421E, (56)
(Ep = 32 500 MPa)
hm = 0,876h, (55) 6.2.2. The highest allowable eccentricity in a rectangular unrein-
forced concrete section is ¢ = 0,45h (see CSN 73 1201, paragraph
E, =Q2(h-2e)R, *b*E)fe,, *b* h,)=13676 MPa=0,421E,  (56) 5.25.3).
If the compression zone of the section is in the elastic state, we

6.2.2. Nejvétsi pripustnd excentricita na obdélnikovém prarezu will calculate independently of the concrete class:

z prostého betonu je e = 0,45h (viz CSN 73 1201, ¢1.5.2.5.3). hn = 0,636h (57)
Je-li tlagend &4st prifezu namahdna pruzné, vypocteme nezévisle na Em = 0,230E), (58)

tridé betonu:

i = 0.636h (57) while in the ultimate limit state and for concrete class B30
En = 0,236E),, (58)
zatimco v meznim stavu tinosnosti a pro beton B30 je hm = 0,558h, (59)
hm — 0,558”1 R (59) Em = 0,099Eb (60)
En = 0,099E,, . (60)

6.23. If e — o ( = reinforced concrete, transition to pure
bending), then h;;, — o and E;;;, — 0/ co.

These limits are numerically inexploitable; therefore, the inter-
changeability of sections at pure bending has to be formulated in
another way, using only the equation (26).

6.2.3. Jestlize e — oo (= Zelezobeton, prechod k Cistému ohybu), pak
hy =0 a Eyn —=0/ co.
Tyto limity se nedaji numericky zuZitkovat a zaménitelnost prurezu

pfi Cistém ohybu se musi formulovat jinak, pouze pomoci rovnice (26). Important for us is the fact that a tunnel is a largely compres-
Pro nds je dileZité, Ze tunel je konstrukce siln€ tla¢end, nikoliv silné sed, not largely bent structure. For that reason we substitute a real
ohyband. Proto zaménujeme skute¢né nelinedrni osténi linedrnim osté- non-linear lining for a model linear lining only in those areas of
nim modelovym v téch oblastech interak&niho diagramu, které jsou od the M-N interaction diagram which are at a sufficient distance
nebezpecné z6ny kolem Cistého ohybu dostate¢né vzdaleny, takZe pro- from the dangerous zone close to the pure bending so that we pre-

blémy numerické povahy ndm z tohoto titulu nehrozi. vent from problems of a numerical character.
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